We propose to analyze panel count data using a spline-based semiparametric projected generalized estimating equation method with the semiparametric proportional mean model 
lation between the cumulative counts improves the estimating efficiency. Simulation studies are conducted to investigate finite sample performance of the proposed method and to compare the estimating efficiency using different working-covariance matrices in the generalized estimating equation. Finally, the proposed method is applied to a real dataset from a bladder tumor clinical trial.
Some key words: Semiparametric model; Generalized estimating equation; Monotone polynomial splines; Counting process; Over-dispersion;
Introduction
Panel count data are often seen in clinical trials, industrial reliability and epidemiologic studies. A well-known example is the bladder tumor randomized clinical trial studied by Byar et al. (1980) , Wei et al. (1989) , Wellner & Zhang (2000) , Sun & Wei (2000) , Zhang (2002) , Wellner & Zhang (2007) and Lu et al. (2009) among others. Patients with superficial bladder tumor were randomized into one of three treatment groups: placebo, pyridocine pills or thiotepa instillation. At subsequent follow-up visits, the number of newly recurrent tumors was counted, the new tumors were removed and the treatment was continued. The number of follow-up visits and the visit times may vary from subject to subject. The goal of this study was to determine the effects of different treatments on suppressing recurrence of the bladder tumor.
There are increasing interests in methodological research for panel count data in recent statistical literature. Various approaches were explored by, for example, Lee & Kim (1998) , Thall (1988) , Sun & Kalbfleisch (1995) and Wellner & Zhang (2000) . Particularly, semiparametric regression analysis for panel count data with the proportional mean model, namely,
E(N(t)|Z)
where Λ 0 (t) is the nondecreasing baseline mean function and β 0 ∈ R d is the d-dimension regression parameter, has drawn considerable attention among researchers in this field. Sun & Wei (2000) and Sun et al. (2005) studied estimating equation methods for making inference about the regression parameter β 0 . But the validity of their methods relies on some assumptions of observation times which may be hard to justify in applications. Wellner & Zhang (2007) studied the semiparametric maximum pseudo-likelihood estimator and the semiparametric maximum likelihood estimator assuming the underlying counting process as a nonhomogeneous Poisson process with mean given by (1). Wellner & Zhang (2007) proved consistency and derived convergence rate of both estimators. They showed that the two estimators are robust to the underlying nonhomogeneous Poisson assumption. The maximum pseudo-likelihood estimator can be easily calculated but it can be very inefficient especially when the observation times are heavily tailed as discussed in Wellner et al. (2004) . The maximum likelihood estimator is more efficient but it requires a doubly iterative algorithm which needs a large number of iterations to converge. Lu et al. (2009) studied the splinebased sieve version of the semiparametric maximum pseudo-likelihood estimator and the semiparametric maximum likelihood estimator of Wellner & Zhang (2007) by approximating the baseline mean function using monotone B-spline functions (Schumaker, 1981) . Not only did they demonstrate a great numerical advantage in the sieve likelihood methods, they also showed good asymptotic behavior of their estimators. Moreover, the sieve estimators of the baseline mean function can have a better convergence rate than their counterparts studied by Wellner & Zhang (2007) .
The nonhomogeneous Poisson process model assumes the variance of the cumulative counts equals to the expected number of the counts, that is, no over-dispersion is accounted.
Aforementioned likelihood-based methods, though leading to a consistent estimation, do not take into account the possible over-dispersion problem that often occurs in various applications of longitudinal count data. Although the maximum likelihood estimator of the regression parameter is robust and semiparametrically efficient as shown by both Wellner & Zhang (2007) and Lu et al. (2009) when the Poisson process model is true, it may not be the best estimator when the Poisson model assumption for the underlying counting process is violated.
In this manuscript, we consider a spline-based semiparametric regression method motivated by generalized estimating equation approach (GEE). Instead of assuming the underlying nonhomogeneous Poisson process, we only assume the proportional mean model and conjecture the covariance matrix that accounts for the over-dispersion. We will demonstrate that the proposed method improves the estimating efficiency when either over-dispersion or autocorrelation is present in the data.
The rest of the paper is organized as follows: Section 2 introduces the spline-based semiparametric projected GEE method. Three working-covariance matrices are discussed to accommodate different data structures. Section 3 proposes an easy-to-implement algorithm to compute the projected GEE estimate. Section 4 provides numerical results including simulation studies and an application to the bladder tumor example; Finally, we give some concluding remarks in section 5. Some technical results are given in Appendix.
Spline-based Semiparametric Projected GEE method
Suppose, N = {N(t) : t ≥ 0} is a univariate counting process. There are K random observations of this counting process at 0
, the cumulative event counts at these discrete observation times. We assume the number of observations and the observation times, (K, T K ), are independent of the point process N, conditional on the covariate vector Z. Panel count data are composed of a random sample of
where the observation X i consists of
and
In this article, we consider to use monotone cubic B-spline functions to approximate the logarithm of the baseline mean function, logΛ 0 (t). Suppose the observation times are
where m n ≈ n ν is a positive integer such that max 1≤k≤mn |t l+k − t l+k−1 | = O (n −ν ). Denote ϕ l,t a class of polynomial spline functions of order l, l ≥ 1. ϕ l,t is spanned by a series of B-spline basis functions
} is a collection of monotone nondecreasing B-splines according to the variation diminishing property of B-splines (Schumaker, 1981) and hence is a proper feasible class from which the estimate of log Λ 0 (t) can be found.
The Generalized Estimating Equation (GEE) method, developed by Liang & Zeger (1986) is widely used in parametric regression analysis of longitudinal data. It provides a robust inference with only weak assumptions of the underlying distributions. A large amount of literatures generalized the same idea to semiparametric regression analysis with the mean response model given by
Zeger & Diggle (1994), Hoover et al. (1998) , Lin & Ying (2001) and Wu & Zhang (2002) among others used kernel-based estimating equation and ignored the correlation structure. Lin & Carroll (2001) , Fan & Li (2004) and Wang et al. (2005) incorporated the correlation structure in their estimating procedures within the kernel framework. The proportional mean model of (1) is a special case of (2) with the exponential link function µ and ϕ 0 being the logarithm of the baseline mean function. We approximate the proportional mean function
where
However the solution of (3) does not necessarily provide an α = (α 1 , · · · , α qn ) that satisfies the monotone constraints. In order to produce a monotone nondecreasing estimate of α, we propose to project the GEE solutionα n = (α n,1 , · · · ,α n,qn ) from (3) into the feasible space Π = {α : α 1 ≤ α 2 ≤ · · · ≤ α qn } by a quadratic programming:
where W is a positive definite matrix. The spline-based semiparametric projected GEE estimator of Λ 0 is taken to beΛ(t) = exp ( ∑ qn l=1α n,l B l (t)) after the estimate of the spline 
V ar (N (T
Using the diagonal matrix implies independence between cumulative counts, despite the cumulative counts are obviously positively correlated. The spline-based semiparametric GEE with this covariance matrix is exactly the score equation of the pseudo-likelihood studied by Lu et al. (2009) and the proof is given in Appendix 6.1. Instead of using the diagonal matrix that ignores the correlation among the cumulative counts, a working-covariance matrix that accommodates such correlation will intuitively produce more efficient estimate. The covariance function based on the Poisson counting process Cov (N (t 1 ) , N (t 2 )) = E (N (t 1 )) , for t 1 ≤ t 2 leads to the selection of the working-covariance matrix V
in the form of
Through simple but tedious algebra, the spline-based semiparametric GEE with this covariance matrix is exactly the score equation of the likelihood based on the nonhomogeneous Poisson process model by Lu et al. (2009) and the proof is given in Appendix 6.2. Despite the improved estimation efficiency using V
2 compared to the one using V
1 , it still imposes unrealistic assumptions to the covariance structure of the data: First, it assumes the variance of the counts equal to the mean, that is, no over-dispersion is accounted for the data;
Second, it assumes independence of the counts between non-overlapping intervals. When either of these assumptions is violated, the estimate based on
may not be very efficient.
In the literature of count data, Poisson model with a frailty variable, namely
, is a common choice in parametric regression analysis to account for possible over-dispersion. Chan & Ledolter (1995) and Hay & Pettitt (2001) discussed a log normal frailty model by assuming a lognormal distribution of the frailty term γ. But there is no close form for the marginal distribution of count and the estimation with this frailty variable is computationally intensive. Another common frailty model assumes a gammadistributed subject-specific frailty term as studied in Thall (1988) and Diggle et al. (1994) among others. Integrating out the gamma frailty variable results in a negative binomial distribution for cumulative count. Zhang & Jamshidian (2003) introduced a gamma frailty term to nonparametric estimation of the mean function of counting process. Zeger (1988) considered a latent frailty process while assuming only the first and second moments of the frailty term. We adopt a similar idea in our semiparametric GEE setting. We specify γ with E (γ) = 1, which guarantees the identifiability of the model and does not violate the proportional mean model specified in (1). Denote V ar (γ) = σ 2 , the marginal variance function based on the Frailty Poisson process is V ar (N (t)) = µ t + σ 2 µ 2 t , where µ t = E (N (t)). The correlation between successive counts is accounted for by the frailty parameter γ as well,
This leads to a working-covariance matrix of the form
and it can be rewritten as
is, therefore, a special case of V will lead to a more efficient estimate than the spline-based maximum likelihood estimate studied by Lu et al. (2009) , when the over-dispersion exists.
Numerical Algorithm
For computing the proposed projected GEE estimate of θ = (β, Λ), estimation of the overdispersion parameter σ 2 is needed. It is possible to create an extra estimating equation using the second moment to jointly solve for (β, α, σ 2 ). It is, however, numerically cumbersome.
We propose to estimate σ 2 externally to the GEE. Breslow (1984) used a method of moment to estimate the over-dispersion parameter σ 2 by solving.
, and p is the number of estimated parameters. In Breslow's method, the over-dispersion parameter can be computed iteratively using a self-consistent algorithm given bŷ
Alternatively, σ 2 could also be estimated explicitly bŷ
as proposed by Zeger (1988) . Both Zeger's and Breslow's methods could underestimate the over-dispersion parameter and even end up with a negativeσ 2 n . If that happens,σ 2 n is forced to be zero. In our spline-based semiparametric projected GEE method, this over-dispersion parameter is a nuisance parameter and has little impact on the consistency of the estimate of (β, Λ). Hence, for the sake of numerical simplicity, Zeger's method is adopted in our calculation.
A two-stage estimating procedure is implemented when V
is chosen as the workingcovariance matrix. At the first stage, due to its computational convenience, the spline-based semiparametric projected GEE method with V
1 , or equivalently the spline-based semiparametric maximum pseudo-likelihood estimate studied by Lu et al. (2009) is implemented to
replacing σ 2 by the estimate,σ 2 n , the estimate of θ = (β, α) is obtained by projecting the GEE update of
A hybrid algorithm of Newton-Raphson type method and Isotonic Regression (NR/IR) is used to compute the spline-based projected GEE estimate. Newton-Raphson (NR) algorithm is a widely used iterative algorithm for finding the optimizer of nonlinear equations as it is known to have a quadratical convergence rate. However it cannot guarantee the monotonicity of the iterates. So after each NR iteration, the projection step is made by an easy-to-implement isotonic regression. At the current estimate θ
the negative expectation of the derivative of estimating function which is the Fisher information if the underlying stochastic model is indeed Gamma-frailty Poisson model. We
for the weight matrix in (4). The projection is actually the weighted isotonic regression problem and the solution has a nice interpretation: it is the left derivative of the greatest minorant of the cumulative sum diagram {P i , i = 0, 1, · · · , n} (Groeneboom & Wellner, 1992) where
and can be expressed asα
The NR/IR algorithm tailored to the spline-based projected GEE estimation is summarized in the following steps.
Step 0 (Initial Values): Obtain an initial estimate
) by the projected GEE with the working-covariance matrix V
and obtain an estimate of σ 2 ,σ 2 n with θ (0) = (β (0) , α (0) ) using the Zeger's method (5). Iterate the algorithm through the following steps until convergence.
Step 1 (Newton-Raphson Type Update): Update the current estimate θ
by Newton-Raphson type algorithm,
Step 2 (Isotonic Regression): Construct the cumulative sum diagram {P i , i = 0, 1, · · · , n} where P 0 = (0, 0) and
The update of α is obtained by the left derivative of the convex minorant of this cumulative sum diagram, that is,
Since there is no constraints on β, let β (k+1) =β (k+1) .
Step 3 (Check the convergence):
the algorithm, otherwise go back to step 1.
Numerical Results

Simulation Studies
Simulation studies are conducted to examine the performance of the spline-based semiparametric projected GEE estimate in finite samples. For each subject, we generate Each subject has
, where 
, four different scenarios are used to generate the panel counts 
In this scenario, the counting process given only the covariate is not a Poisson process. However, the conditional mean given the covariate vector still satisfies the proportional mean model specified in (1) and E (N (t) |Z) = 2t 1/2 e β T 0 Z i . The counts are marginally negative binomial distributed.
Scenario 2. Data are generated similarly to Scenario 1. Instead of generating the frailty variable γ from a Gamma distribution, it is generated from a discrete distribution {0.6, 1, 1.4} with probabilities 0.25, 0.5 and 0.25, respectively. This scenario generates so called mixed
Poisson process as studied in Wellner & Zhang (2007) and Lu et al. (2009) . In this scenario, the counting process given the covariate is not a Poisson process. Nor its marginal distribution follows a negative binomial distribution. However, the proportional mean structure (1) still holds.
Scenario 3. Data are generated from a Poisson process with the conditional mean function
given by 2t
Scenario 4. Data are generated from a 'Negative-binomialized' counting process. Condi-tioning on covariate Z, a random variable M is generated from a Negative binomial distribution, NegBin(20e
The count data is defined by
F x is chosen to be t 1/2 /90 · I [t≤8100] + I [t>8100] such that the proportional mean model in (1) still holds and the baseline mean function Λ 0 (t) = 2t 1/2 , is the same as those in scenarios 1, 2 and 3 for t ≤ 8100. With the current formulation of the problem, the data show both over-dispersion and autocorrelation between non-overlapping increments. The covariance matrix has a similar form as matrix V 3 , but the true over-dispersion parameter depends on covariates.
For all these scenarios, the monotone cubic B-splines are used to approximate the baseline mean function in the proposed semiparametric GEE method. The number of interior knots is chosen to be m n = ⌈N 1/3 ⌉, the smallest integer above N 1/3 , where N is the number of distinct observation times. These knots are placed at the corresponding quantiles of the distinct observation times.
For the inference of the regression parameter, we propose an "ad-hoc" approach to estimate the standard error of the estimated regression parameter. We pretend the proposed spline-based semiparametric projected GEE estimate as the ordinary parametric GEE estimate and obtain the standard error as the square-root of asymptotic variance based on the well-known sandwich formula for the ordinary GEE estimate given by Liang & Zeger (1986) .
Alternatively, the bootstrap method could be implemented for estimating the standard error since the spline approach largely reduces computing time in the estimation.
In our simulation studies, 1000 Monte Carlo samples are generated with sample size of 50 and 100 for each scenario and the results on estimation bias (bias), Monte Carlo standard deviation (M-C sd), average of the estimated standard errors based on either the parametric GEE sandwich formula (SSE) or bootstrap method (BSE), and their 95% coverage probabilities (CP1 with SSE and CP2 with BSE) for the regression parameters are summarized in Tables 1-2 which is actually the efficient semiparametric estimate according to Lu et al. (2009) . This is mainly due to the fact that the estimate of the over-dispersion parameter is zero most of time in the simulation studies. If the data follow a negative binomial counting process as in Scenario 4, the spline based semiparametric GEE estimates using V 
Application
The proposed estimating method is applied to the bladder tumor data introduced in Section 1. A total of 116 patients were randomized into three treatment groups, with 31 using pyridoxin pills, 38 instilled with thiotepa and 47 in placebo group. Their follow-up times vary from one week to sixty-four weeks. Four variables, including the tumor number (Z 1 ) and size (Z 2 ) at baseline (study entrance), and two indicator variables: one for pyridoxin (Z 3 ), one for thiotepa (Z 4 ), are included in the proportional mean model, i.e.,
E(N(t)|Z
Regression results with the three different working-covariance matrices are shown in Table   3 . The tumor number at baseline is positively related to the recurrence of bladder tumor.
With one more tumor at baseline, the number of tumors at follow-ups increases by 15.5%, 23.1% and 39.1% on average using the working-covariance matrices V progression. The effect of the tumor number at the study entrance and the treatment of thiotepa are more significant when accounting for the correlation between cumulative tumor numbers using the frailty variable. Figure 3 plots the estimated baseline mean function.
Final Remark
Modeling panel count data is a challenging task in general. The proposed spline-based semiparametric projected GEE method avoids assuming the underlying count process and borrows the strength from discrete observations within subjects as well as those across subjects to get a spline estimate of the mean function of the counting process. Choosing different working-covariance matrices can accommodate different data structures. The proposed spline-based projected GEE method with the working-covariance matrices V (i) 3 accounts for the over-dispersion and inter-correlation between non-overlapping counts. It improves the estimating efficiency and provides a less biased standard error estimation using either the "ad-hoc" parametric GEE sandwich formula or the bootstrap method when over-dispersion is present in data. In our computing algorithm, over-dispersion parameter σ 2 is fixed at its estimate in the first stage and the parameters in the proportional mean function θ are updated in the second stage. Our simulation results (not included in this paper) show that update θ and σ 2 alternately gives similar results.
The proposed model assumes that the observation times are noninformative to the underlying counting process which may be violated in applications. Extension of the proposed method to that scenario requires a further investigation.
Appendix
In this section, we show that spline-based semiparametric GEE with V
and V (i) 3
coincide with the score equations under the different models. First, we define the following notations as the working-covariance matrix, the U function of Equation (3) can be rewritten as
This is exactly the score function of the spline-based pseudo-likelihood derived by Lu et al. (2009) as the working-covariance matrix, the U function of Equation (3) can be rewritten as
) .
Using the independence of the count increments based on the nonhomogeneous Poisson process assumption, the spline-based likelihood is given bỹ
A careful examination of this likelihood shows that its score function can be rewritten in a matrix form,
The score function can be further written as
) ,
It is a straightforward algebra to verify that Σ =
) −1 , so the GEE with the working-
is the same as the score equation of the likelihood given in (6).
Agreement between the GEE with V (i) 3 and the score equation of the likelihood of Gamma-Frailty Poisson model
By the derivation of the equivalence between the GEE with V (i) 2 and the score equation of likelihood in (6), we have ( ∂µ
This equality holds for any nonnegative and nondecreasing process
Taking the β part of (7), we have
The left hand side of (8) can be rewritten as
) and the right hand side of (8) can also be rewritten as
This implies that
Again letting N (i) = 2µ (i) , we obtain
The U function of Equation with V
3 as the working-covariance matrix can then be rewritten as,
This is exactly the score function of the Gamma-frailty Poisson likelihood.
Table 1
Simulations results of the splines-based sieve semiparametric GEE estimators with three different covariance matrices for data from scenario 1 and scenario 2 Table 2 Simulations results of the splines-based sieve semiparametric GEE estimators with three different covariance matrices for data from scenario 3 and scenario 4 
